Let G be a simple graph. A set D ⊆ V (G) is an interior dominating set of G if D is a dominating set of G and every vertex v ∈ D is an interior vertex of G. The minimum cardinality of an interior dominating set of G, denoted by γ Id (G), is called an interior domination number of G.
Introduction 2 Realization Problem
In this section, the parameter γ Id is compared to the known parameter γ. Since every interior dominating set of a connected graph G is a dominating set of G, γ(G) ≤ γ Id (G).
Theorem 2.1 Given any positive integer n ≥ 3, there exist connected graphs G and H each of order 4n such that (i) γ(G) = γ Id (G) = n and (ii) γ(H) = n and γ Id (H) = n + 1
Proof. (i) Let G be the graph shown in Figure 1 . It is clear that the set A = {x i : i = 1, 2, ..., n} is both a γ-set and γ Id -set of G. It follows that γ Id (G) = γ(G) = |A| = n. x n−1
(ii) Let H be the graph shown in Figure 2 . Observe that the set A = {x i : i = 1, 2, ..., n} is a γ-set and set B = {y i : i = 1, 2, ..., n + 1} is a γ Id -set of G. Hence, γ(G) = |A| = n and γ Id (G) = |B| = n + 1. y n−1 This proves the assertion.
Preliminary Results
Theorem 3.1 [5] A dominating set D ⊆ V (G) is an interior dominating set if and only if for every
Example 3.2 Consider the graphs G and H in Figure 3 . Then the set S = {a, e} is a dominating set of G which is not an interior dominating set of
Observe that vertex e is the only interior vertex of G and {e} is not a dominating set of G. An interior dominating set of a connected nontrivial graph does not always exist as illustrated in Figure 3 (i). Hence, it is assumed that all connected nontrivial graphs considered in this paper have nonempty interior sets which are dominating.
As an immediate consequence of the definition of interior vertex and Theorem 3.1, we have the following remarks.
Remark 3.3
The interior set of the complete graph K n and the fan F 3 are empty.
The following result characterizes all connected graphs G of order n ≥ 3 that attain the lower bound of γ Id (G). Proof. Suppose that γ Id (G) = 1. Let S = {x} be a γ Id -set in G and
This is a contradiction since S = {x} is a γ Id -set in G. Thus, γ(H) = 1.
Conversely, suppose that (i) holds. Let K 1 = {x} and y ∈ V (H). Since γ(H) = 1 and |V (G)| ≥ 3, there exists w ∈ V (H) \ {y} such that d G (y, w) = 2. Thus, x is an interior vertex of G. Hence, γ Id (G) = 1.
Interior Domination in the Join of Graphs
The join G+H of two graphs G and H is the graph with vertex set
Theorem 4.1 Let G and H be connected graphs. If γ Id (G) = 1 and γ Id (H) = 1, then G + H has no interior dominating set.
Proof. Let D 1 = {v} and D 2 = {u} be the γ Id -sets of G and H, respectively. Suppose G + H has an interior dominating set S and
, then we get a contradiction. Therefore, G + H does not have an interior dominating set.
The converse of Theorem 4.1 is not true. To see this, consider the graphs G and G + H in Figure 4 . Let H = K 2 . Then it can be verified that the interior dominating set of G + H does not exists. Furthermore, Int(G) = ∅ and Int(K 2 ) = ∅. 
G :
G + H : Figure 4 : The interior dominating set of G + H does not exist.
Lemma 4.2 Let G and H be connected graphs such that γ(G) = 1 or
Theorem 4.3 Let G and H be connected graphs such that G + H has an interior dominating set. Then S ⊆ V (G + H) is an interior dominating set of G + H if and only if at least one of the following is true:
, S is an interior dominating set of G and γ(H) = 1.
(ii) S ⊆ V (H), S is an interior dominating set of H and γ(G) = 1.
(iii) S ∩ V (G) and S ∩ V (H) are nonempty subsets of the interior sets of G and H, respectively, and γ(G) = 1 and γ(H) = 1.
. This is a contradiction to the definition of G + H or D as a γ-set of G. Similarly, we get a contradiction if γ(H) = 1. Therefore γ(G) = 1 and γ(H) = 1. It follows that (iii) holds. Conversely, let x ∈ S and y ∈ N G+H (x). Suppose (i) holds. If y ∈ V (G), then we are done. If y ∈ V (H), then there exists
It follows that S ⊂ Int(G+H). By [2] , S is a dominating set of G+H. Therefore S is an interior dominating set of G + H. Similarly, if (ii) or (iii) holds, then S is an interior dominating set of G + H.
Corollary 4.4 Let G and H be connected graphs such that G + H has an interior dominating set. Then
Proof. Suppose γ Id (G) = 1 and γ(H) = 1. Let S = {x} ⊆ V (G) be an interior dominating set of G. Then by Theorem 4.3, S is an interior dominating set of G + H. Thus, γ Id (G + H) = 1. The same result holds if γ Id (H) = 1 and γ(G) = 1.
Next, suppose γ Id (G) = 1, γ Id (H) = 1, Int(G) = ∅ and Int(H) = ∅. Pick x ∈ Int(G) and y ∈ Int(H). Set S = {x, y}. By Theorem 4.3(iii) , S is an interior dominating set of G + H. Therefore, γ Id (G + H) = 2. Now, suppose Int(H) = ∅, γ(H) = 1. Let S be a γ Id -set of G. Then by Theorem 4.3(i) , S is an interior dominating set of G + H.
Hence, γ Id (G + H) ≤ |S| = γ Id (G). Next, suppose that S be a γ Id -set of G + H. Then by Theorem 4.3, S is an interior dominating set of G and γ(H) = 1.
Interior Domination in the Corona of Graphs
The corona of two graphs G and H, denoted by G • H, is the graph obtained from G by taking a copy H v of H and forming the join
Lemma 5.1 Let G be a nontrivial connected graph and H be any graph. Then 
Interior Domination in the Lexicographic
Product of Graphs
The lexicographic product of two graphs G and H, denoted by G [H] , is the graph with vertex set
Lemma 6.1 Let G and H be nontrivial connected graphs. Then
Theorem 6.2 Let G and H be nontrivial connected graphs such that
where S ⊆ V (G) and T x ⊆ V (H) for every x ∈ S is an interior dominating set of G[H] if and only if at least one of the following is true:
(i) S is an interior total dominating set of G and T x ⊆ Int(H) for every x ∈ S or (ii) S is an interior dominating set of G and T x is an interior dominating set of H for every x ∈ S \ N G (S).
Proof. Suppose C is an interior dominating set of G [H] . By [3] , S is a dominating set of G. We show that S ⊆ Int(G). Let u ∈ S, v ∈ N G (u) and
x ∈ S. Consequently, |C| = |S|. Let S 1 be an interior dominating set of G. Set M x = {a}, where {a} is a γ Id -set of H. Then C 2 = x∈S 1 ({x} × M x ) is an interior dominating set of G[H] by Theorem 6.2(ii). Moreover, |S| = |C| ≤ |C 2 | = |S 1 |. This implies that S is a minimum interior dominating set of G.
For the converse, suppose that C = x∈S ({x} × T x ) and S is a minimum interior dominating set of G, T x is a γ Id -set for every x ∈ S \ N G (S), T x ⊆ Int(H) and |T x | = 1 for all x ∈ S. By Theorem 6.2, C is an interior dominating set of
This implies that C is a minimum interior dominating set of G[H].
The following result follows from Corollary 6.3.
Corollary 6.4 Let G and H be nontrivial connected graphs with
We shall need the following lemma.
Lemma 6.5 Let G be a connected graph where Int(G) a total dominating set. If S is an interior dominating set of G,
Proof. Let S be an interior dominating set of G. If S = Int(G) or S is an interior total dominating set, then we are done. So suppose S is not a total dominating set and S = Int(G). Then S \ N G (S) = ∅ and for each y ∈ S \ N G (S), choose an interior vertex v y ∈ V (G) such that yv y ∈ E(G). Let
Since S is an interior dominating set and T * ⊆ N G (S), T = S ∪ T * is an interior total dominating set of G. Thus,
If in particular, S is a minimum interior dominating set of G, then
This proves the assertion.
Corollary 6.6 Let G and H be nontrivial connected graphs with Int(G) a total dominating set and γ Id (H) = 2. Then a subset
) is a minimum interior dominating set of G[H] if and only if either (i) S is a minimum interior total dominating set of G and |T x | = 1, where
, and each T x is a minimum interior dominating set of H (hence, |T x | = 2) for every
Proof. Suppose C = x∈S ({x} × T x ) is a minimum interior dominating set of G [H] . Then by Theorem 6.2, S is an interior total dominating set of G and T x ⊆ Int(H) for every x ∈ S or S is an interior dominating set of G and T x is an interior dominating set of H for every x ∈ S \ N G (S). Suppose first that S is an interior total dominating set of G and T x ⊆ Int(H) for every x ∈ S. Suppose further that |T z | ≥ 2 for some z ∈ S. Let a ∈ T z and define
is an interior dominating set by Theorem 6.2(i). This, however, is impossible because |C * | < |C|. Thus, |T x | = 1 for all x ∈ S and (i) holds.
Suppose now that S is not a total dominating set of G. Suppose first that
Choose a minimum interior total dominating set R of G and set S x = {v} for every x ∈ R, where v ∈ Int(H). Then Y = x∈R ({x} × S x ) is an interior total dominating set of G[H] by Theorem 6.2(i). It follows that γ It (G) = |R| = |Y | < |C|, contrary to our assumption of C. Then by [3] ,
Next, suppose that there exists z ∈ S ∩ N G (S) with |T z | ≥ 2. Let a ∈ T z ∩ Int(H) and define T * z = {a}. Then
is an interior dominating set by Theorem 6.2(ii). This is not possible because |C * | < |C|. Therefore, |T x | = 1 and
Finally, suppose that there exists w ∈ S \ N G (S) such that T w is not a minimum interior dominating set of H. Since T w is not a minimum interior dominating set of H,
is an interior dominating set by Theorem 6.2(ii). Again, this is not possible because |C 1 | < |C|. Therefore, T x is a minimum interior dominating set of H for every x ∈ S \ N G (S).
For the converse, let C = x∈S ({x} × T x ). Suppose first that (i) holds. Then |C| = |S| = γ It (G). Also, by Theorem 6.2(i), C is an interior dominating set of
. By Theorem 6.2, S 1 is an interior dominating set of
is not a total dominating set, then D x is an interior dominating set of H for every x ∈ S 1 \ N G (S 1 ). Since γ Id (H) = 2, |D x | ≥ 2 for every x ∈ S 1 \ N G (S 1 ). Therefore, by [3] ,
. This shows that C is a minimum interior dominating set of G [H] . If (ii) holds, then a similar argument may be used to show that C is a minimum interior dominating set of G[H].
Corollary 6.7 Let G and H be nontrivial connected graphs with Int(G) a total dominating set and
) is a minimum interior dominating set of G[H] if and only if S is a minimum interior total dominating set of G and |T x | = 1 where
Proof. Suppose that C = x∈S ({x} × T x ) is a minimum interior dominating set of G [H] . Suppose that S is an interior dominating set of G but not total dominating. Then by Theorem 6.2(ii), T x is an interior dominating set of H for every x ∈ S \ N G (S). Since γ Id (H) > 2, it follows that |T x | > 2 for every x ∈ S \ N G (S). Now, by [3] 
it follows that γ It (G) < |C|. Let S 1 be a minimum interior total dominating set of G and set Q x = {a} for every x ∈ S 1 , where a ∈ Int(H). Put Q = x∈S 1 ({x}×Q x ). Then Q is an interior dominating set of G[H] by Theorem 6.2. Moreover, |Q| = |S 1 | = γ It (G). Thus, |Q| < |C|, contrary to our assumption of C. Therefore, S is an interior total dominating set of G. Using a similar argument, it can be shown that S is a minimum interior total dominating set of G and |T x | = 1, where T x ⊆ Int(H) for every x ∈ S.
For the converse, suppose that C = x∈S ({x} × T x ) and S is a minimum interior total dominating set of G with |T x | = 1 where T x ⊆ Int(H) for each x ∈ S. By Theorem 6.2, C is an interior dominating set of
Thus, by Lemma 6.5, γ It (G) ≤ |C| ≤ |C 1 |. This implies that C is a minimum interior dominating set of G[H].
The following result gives the interior domination number of the lexicographic product of two connected graphs.
Corollary 6.8 Let G and H be nontrivial connected graphs with Int(G) a total dominating set and
Proof. Let S be a minimum interior total dominating set of G. Pick a ∈ Int(H) and set T x = {a} and C = x∈S ({x} × T x ). By Corollary 6.6 and Corollary 6.7, C is a minimum interior dominating set of
Interior Domination in the Cartesian
The Cartesian product of two graphs G and H, denoted by G H, is the graph with vertex set V (G H) = V (G)×V (H) and edge set E(G H) satisfying the following conditions: (u 1 , v 1 )(u 2 , v 2 ) ∈ E(G H) if and only if either u 1 u 2 ∈ E(G) and v 1 = v 2 or u 1 = u 2 and v 1 v 2 ∈ E(H).
Lemma 7.1 Let G and H be nontrivial connected graphs. Then every vertex of G H is an interior vertex, that is, Int(G H) = V (G H). Example 7.4 Consider the graph G H in Figure 5 . Then the set of red vertices is a γ-set of G H, that is, γ(G H) = 4. It can also be verified that the set is a γ Id -set. Hence, γ(G H) = 4 = γ Id (G H). 
